Math 60 Midterm 1 Solutions

1. Suppose S and T are subspaces of an F-vector space V. Is their union S UT a subspace? Explain.

In general, S UT is not a subspace. For example, consider S = Span((1,0)) and 7' = Span((0, 1)) in R?;
then S UT is the set of all points on either the z- or y-axes, but (1,0) + (0,1) = (1,1) ¢ SUT.

2. Using induction, prove that 3™ — 1 is divisible by 2.
Many proofs are possible. One goes like this:

Casen=1:Ifn=1,the 3" —1=3' —1=3—1=2 and 2 is divisble by 2.
Induction Step: Suppose 3™ — 1 = 2k and consider 3"*! — 1. We can write
3 —1=33")-1=303"-1)+3-1=3(2k) +2=2(3k+1)

and hence 3" — 1 divisible by 2 implies 3"+ — 1 divisible by 2, as required.

3. Let S = Span((1,0,1,1),(1,2,0,1)) € R* and T = Span((1,1,0,1),(1,1,1,1))) ¢ R* Compute the
dimension of SNT.

dim(.5):
101 1 10 .
[1201}%[021 0}:(1”“(5):2
dim(7):
110 1 110 1 .
{1111}%{0010];‘@“”:2
dim(S + 7):
10 11 10 11 10 11 10 11 101 1
02 10| o2 -10fl fo1 oo0f |01 00| o100
11 01 01 -1 0 01 -1 0 00 -1 0 0010
00 10 00 10 0 0 0 00 10 0000

So dim(S N T) = dim(8) + dim(T) — dim(S +T) =2 +2 — 3 = 1.
4. Determine whether the set {(1,0,2),(2,0,1),(0,2,1)} C Q3 is linearly dependent or independent.

1 0 2 1 0 2 1 0 2 1 0 2
201|—-]00 -3| =100 -3|—=1]02 =3
2 21 2 2 1 0 2 -3 00 -3

Since we have echelon form with all three rows nonzero, the span is 3-dimensional and hence the original
vectors are linearly independent.

1 0 2

5. Lete M= | 1 2 1 | € M3(Zs), i.e. the entries are in Zz. Determine the rank of M.
2 1 2
1 0 2 1 0 2 1 0 2 1 0 2 1 0 2
1 21l -=10 2 2|]—-1022(—-(011]—=]10T11
2 1 2 2 1 2 0 1 1 0 1 1 0 0 O



and the rank of M is 2.

6. Find the solution set of the system of linear equations over R given by the augmented matrix

2 4 2 =2 0
1 -2 1 0] -1
3 -2 3 —-1|-2

2 4 2 —2] 0 1 -2 1 0]-1 1 -2 1 0]-1
1 21 0|-1|=>|2 42 =2 0l=>]0 80 —2| 2=
3 -2 3 —1|-2 3 -2 3 —1]-2 3 -2 3 —-1|-2
1 =2 1 0|-1 1 =21 0]-1 1 -2 1 0]-1
-]l0 80 -2 2|10 40 -1] 1|=]10 40 —-1| 1|=—
0 4 0 —-1] 1 0 4 0 —-1] 1 0 00 0] O
1 -2 1 0] -1 101 -1|-1
Slo 10 1| 1010 1] 1
4 4 4 4
0 00 0| 0 000 0| 0

Thus the homogeneous solutions have the form

1 1 11
(—Oé‘f' 2674670[76) :Oé(—LO,l,O)—‘rﬁ (2’4’0’1>’

while the particular solution is (—%, i, 0,0) and the solution set is

11 11
<—2, 4,0,0) + Span ((—1,0, 1,0), (2, 170, 1)) .

7. Using the vector space axioms, prove that if V is an F-vector space, then 07 = 0 for all @ € V.

Suppose V is an F-vector space and let @ € V. Then on the one hand, we have 1@ = 4, so
t=1t=04+1)ud=00+1d=0ad+u

while on the other hand, we have from the vector space axioms

@=0+1.
Then
07+ @ 0+a
0@+ @)+ —d = (0+1)+—a
0@+ (@ +—@) = 04 (@4 —0)
00+0 = 0+0
0t = 0



8. Let f : R® — R2 be given by f(z,9,2) = (x +y — 2,20 —y + 2) and g : R? — R3 be given by
g(u,v) = (u — 3v,2v,2u + v). Find the matrix of go f : R® — R3.

The matrices of f and g respectively are

1 -3
1 1 1
A:{Q 1 1] and B = g ?
so the matrix of g o f is
(1 -3
1 1|-1
BA = 0 2
|2 1 :| [ 2| -1 1 ]
[ 1(1) = 3(2) 1(1) =3(=1) 1(=1)—3(1)
= 0(1)4+2(2) 0(1)+2(—1) 0(—1)+2(1)
| 2(1) +1(2) 2(1) +1(-1) 2(—1)+1(1)
[ -5 4 —4
= 4 -2 2
| 4 1 -1 ]

Bonus [0-2 points each]:
A. Let X = {0,1,t,1+t} with Zy coefficients and t> = 1 +¢. Does X satisfy the multiplicative invertibility
requirements for being a field?

It does. We need every nonzero element to have a multiplicative inverse. We have 1(1) = 1s0 171 =1,
and t(1+t)=t>+t=(1+t)+t=1+2t=1,s0t ' =1+tand (1+¢t)" =t

B. Let C*°(R) be the vector space of infinitely-often differentiable functions of one real variable with (f +
9)(z) = f(z) + g(z) and f(Az) = Af(z). Let L : C=(R) — C®(R) be the derivative, i.e. L(f)=f" Is L

a linear transformation? FExplain.

It is. As we know from calculus,

and



