Math 60 Homework 5 Solutions
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1. Write the matrix A = [ ] as a product of elementary matrices.

-1 -1

First, let us row-reduce:
1 2 ro+ri—Tre 1 2 r1—2r9r>T] 1 0
R e EET e T

1= Er1—27’2>—>r1 E7’2+r1>—>r2A

Thus, we have an equation

which implies
Bl E! =A

ro+r1—=re T ry —2ror>ry

and since the inverse of an elementary matrix is the elementary matrix of the oppostive row operation, we
have

_ _ [ 1 0 1 2
A= Er21+r1»—>r2Er1172r2»—>r1 = Erzfm»—>r2En+2r2Hr1 = -1 1 :| { 0 1 :| :

We can verify:

-1 1 1(1) + 1(0 1(2) +1(1) | -1 -1
1 2 1
2. Find the inverseof A= | 0 2 1 or show that A is not invertible.
1 1 -2
1 2 1]1 0 0 1 2 1] 1.0 0 1 2 1] 1 0 0
02 1/01 0|l=>]0 2 1, 01 0]—=]0 -1 =3|-1 01
1 1 —-2]0 0 1 0 -1 -3|-1 0 1 0 2 1| 01 0
1 2 1|1 0 0 12 1] 10 o0 1 2 1]1 0 0
101 3 0 -1|—=]l01 3/ 10 -1]—=1]01 3|1 0 -1
0 2 1 1 0 00 —5]-2 1 0 1|2 - -%
12 1] 1 0 0 120%%% 100/ 1 -1 0
—>010—§%§—>010—§§§—>010—§%§
001} 5 -5 —5 00 1] 5 -5 -5 00 1] 5 -5 —5
1 -1 0
Thus, A= | -1 2 1L
3 1 3
5 5 5

3. Use a change of basis matrix to write the vector (1,—1,2) € R3 as a linear combination of the vectors
i = (1,1,1),d2 = (0,1, —1) and @3 = (0,0, 2).

Our vector @ has standard-basis coordinates (1, —1,2); we must find the B-coordinates @p where B =
((1,1,1),(0,1,-1),(0,0,2)). Thus, we must find the change of basis matrix M3 = (MZ%)~1. Then since M5
is the matrix whose columns are B in standard coordinates, we have

1 0 01 0 O 1 0 0 100 1 0 0 100
1 1 0{0 1 0}|—=1]0 1 0j-1 1 0]—=1]020 1 0/-1 10
1 -1 2|0 0 1 1 -1 2| 0 0 1 0 -1 2|-1 0 1



1 00/ 1 00 1 00 1 0 0
-0 1 0[-110|—=]010|-1 10
00 2|-211 00 1|-1 5 3
1 0 0
Thus M3 = | —1 1 0 | and we have
144
1 0 0 1 14040 1
ig=Mzgis=| -1 1 0 1 |=| -1—=140 | =| =2
1 1 1 1
-1 3 3 2 —l-g+1] ~3
We can verify: )
1 0 Lo 14040
LpLp=2 1| =510 ]=]1=240|=1 -1
1 —1 2 1+2-1 2

4. Prove the Shoe-Sock Theorem: If A and B are invertible matrices then their product AB is invertible
with (AB)~! = B~14-1.
Here we have only to check that (AB)(B='A~!) =I. But

(AB)(B'A™ )Y = A(BB YA ' = ATA ™' = (ADA™' = AA™ =1

as required.



